Abstract. Additive Manufacturing (AM) technologies are an exciting area of the modern industrial revolution and have applications in engineering, medicine, electronics, aerospace industry, etc. AM enables cost-effective production of customized geometry and parts by direct fabrication from 3D data and mathematical models. Despite much progress in AM technologies, problems of mechanical analysis for AM fabricated parts yet remain to be solved. This paper deals with three main mechanical problems: the onset of residual stresses, which occur in the AM process and can lead to failure of the parts, the distortion of the final shape of AM fabricated parts, and the development of technological solutions aimed at improving existing AM technologies and creating new ones. An approach proposed deals with the construction of adequate analytical model and effective methods for the simulation of AM processes for fabricated solid parts.
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Specific features of growing solids
A continuously growing solid is a solid whose composition, mass or volume varies because of a continuous addition of material to its surface. The process of adding new material to the solid is called growth as well as in particular cases accretion, erection, building-up, healing, etc. For continuous growth, the following basic stages of its deformation are strictly followed: before, during, and after the growth process. Each of these stages is characterized by instants when it starts and ends. The first is characterized by the instant of application of a load to the solid and the instant when growth starts. The second by the instant when growth starts and the instant when it ends. Conversely, the third is characterized by the instant when growth ends and the instant when it starts. The solid on whose surface new material is deposited starting from the instant when accretion starts is called the basic or original solid. Note that growth can also occur without the basic solid, starting from an infinitesimal material element. The part of the surface where infinitesimal pieces of the material are deposited at the actual instant is called the growth surface. The growth surface may be disconnected, in general. In particular, it can be the whole surface of the solid. Finally, the part of the surface of the original or the growing solid that coincides with the growth surface at the instant when growth starts will be called the base surface. The base surface is clearly the part of the surface of the solid on which material is to be deposited during the next stage of continuous growth. At different stages, it coincides, as a rule, with the surface between the basic solid and the additional solid as well as with the surfaces between the sub-solids [1] [2] [3] . We assume that the basic solid, which is made from a viscoelastic ageing material ( e.g., see [3] ), occupies a domain Ω 0 with surface S 0 and is free of stresses up to the time τ 0 of application of the load. From τ 0 up to time τ 1 when growth starts the classical boundary conditions are given on S 0 , the specific form of which is stated below. At τ 1 the continuous growth of a solid begins due to the addition of material particles to the growth surface S * (t). As it grows, the solid occupies a domain Ω(t) with surface S(t). It is obvious that S * (t) ⊆ S(t). The time when a particle characterized by a position vector x is deposited on the solid will be denoted by τ * (x) and called the time of deposition of the particle on the growing solid. The configuration of the accreted solid is completely determined by the function τ * (x) depending on the spatial coordinates. Boundedness and piecewise continuity are the general conditions usually imposed on τ * (x).
We denote by τ * 1 (x) the time when an element of the growing solid is formed and by τ 0 (x) the time when a load is applied to it. Naturally, τ * 1 (x) ≤ τ 0 (x) = τ 0 for the elements of the basic solid (x ∈ Ω 0 ).
The vector equilibrium equation is obviously satisfied in the domain occupied by the growing solid at each instant of time. For quasistatic processes, it has the form
where T is the stress tensor and ∇ is the Hamilton operator. (Here and below we use the conventional notation of tensor calculus.)
The Cauchy conditions and the compatibility equations for deformations are always satisfied in the domain occupied by the basic solid, i.e.,
where E is the strain tensor and u is the displacement vector. But in the domain Ω * (t) occupied by the additional solid (Ω * (t) = Ω(t)/Ω 0 ) only their analogs involving the rates of change of the corresponding variables are satisfied,
i.e. the strains are usually incompatible. This reflects the fact that the deposited elements may be subject to deforming actions prior to the time of deposition on the basic solid independently of the processes taking place in the solid itself.
To study the stress-strain state of a growing solid one must know the laws of deformation of the basic solid from the instant τ 0 when the load is applied up to the instant τ 1 when growth starts and of the deposited material from the instant τ 0 (x) when a load is applied to this material up to the instant τ * (x) of their deposition on the growing solid. The state of the original solid is determined from the solution of the problem with fixed boundary. The initial state of new elements which represent deposited surfaces as well as the boundary condition on the moving surface of the growing body can be determined by solving an additional contact problem of interaction between the solid and the surface.
The traditional boundary conditions for the displacement vector and the vector of surface forces are given on the stationary sections of the surface of the growing solid.
Currently a great number of AM fabricated part are made from viscoelastic materials with complex properties. To describe the behavior of these materials one can use the constitutive equations for a viscoelastic-ageing solid (see, e.g., [1, 2] The description of the process of continuous growth of a viscoelastic ageing solid involves three characteristic instants: the instant τ * 1 (x) when the element with coordinate x is formed, the instant τ 0 (x) when a load is applied to this element, and the instant τ * (x) when the element is deposited on the growing solid. These three instants are different, in general.
The deposition process is largely determined by specifying these three instants. If the processes of continuous concrete casting, ice formation, crystal growth, etc. are studied, then τ * 1 (x) = τ 0 (x) = τ * (x); i.e. the elements are deposited at the same instant as they are formed and a load is applied to them. If spray deposition or erection of a structure from a large number of blocks is modeled by a continuous growth process, then, as a rule, τ 0 (x) = τ * (x), and the instant τ * 1 (x) when the elements are formed is arbitrary. If the deformation of elements begins as soon as they are formed and they are being added to the basic solid only over some time interval, then τ * 1 (x) = τ 0 (x) = τ * (x), and so on. Suppose that a homogeneous viscoelastic ageing solid occupying a domain Ω 0 with surface S 0 (x ∈ Ω 0 ) is formed at instant τ * 1 (x) = 0 and is free of stresses up to the instant τ 0 ≥ 0, when a load is applied. Starting from the latter instant, consider two kinds of boundary conditions on the surface of the solid (surface forces on S 1 (t) and displacements on S 2 (t)).
The sections of the surface on which different boundary conditions are given do not intersect one another and cover the whole surface of the solid. The dependence of S i on t enables us to take into account the possible evolution of the system of loads, punches, etc. on S 0 , and is assumed to be piecewise constant. Unless the solid surface is closed, the behavior of stresses or strains at infinity is prescribed.
Continuous deposition of material formed simultaneously with the solid (τ * 1 (x) = 0) starts at τ 1 ≥ τ 0 . The solid occupies a domain Ω(t) with surface S(t) during its growth. The growth surface S * (t) (S * (τ 1 ) ⊂ S 0 ) moves in space. In the general case the positions of S(t) and S * (t) are unknown. The sections S i (t) (i = 1, 2) on which the common boundary conditions are given can vary because of the loading of the stationary surface of the additional solid. We assume that the growing surface is always free of outer loads and the newly deposited surfaces are loaded at the instant of their deposition.
At the instant τ 2 > τ 1 , the growth of the solid ceases, and starting from this instant four kinds of boundary conditions are given on the sections S i (t) of the surface S 1 = S(τ 2 ) of the solid occupying the domain Ω 1 = Ω(τ 2 ). After some time, at the instant τ 3 > τ 2 the solid growth may start again.
Basic concepts in the theory of continuous surface growth
Recent research has shown that solids formed by growth processes differ in their properties essentially from solids in the traditional view. Moreover, the classical approaches of solid mechanics fail when modeling the growing solid behavior. They should be replaced by new ideas and methods of modern mechanics, mathematics, physics, and engineering sciences. The approach proposed here deals with the construction of an adequate model of surface growth processes of solids. This approach is based on the following statements:
• The surface growth of a solid is modeled by the motion of its boundary due to the influx of new material to the surface of the solid.
• The boundary conditions on the moving boundary (the growth surface) are found from an additional solid-surface contact problem depending on the specific features of the growth process.
• The strain rate tensor (or the stretch rate tensor) of a growing solid is compatible, while the strain tensor is, as a rule, incompatible. Accordingly, it is absolutely natural to take the stress rate tensor, the strain rate tensor, and the velocity vector to be the main variables in the problem. In general, a boundary value problem for a growing solid contains three dependent controlled groups of values, namely, the surface and bulk loads, the stresses on the accretion surfaces, and the material influx rate on the accretion surfaces. We have consider the case in which the velocities of the boundary particles of the growing solid are much smaller than the influx rate of new particles and strains are small.
The process of accretion or deposition of new material to a solid is studied in the fundamental scientific area called Mechanics of Growing Solids. This area deals with all sorts of solid materials including elastic, viscoelastic, plastic, composite and graded materials.
Mechanical analysis of growing solids
Consider the stress-strain state of a viscoelastic ageing solid Ω 0 in the time interval [τ 0 , τ 1 ]. We write out the equilibrium equation in the form ,
We represent the boundary conditions described above as follows
where p 0 and u 0 are given vectors of surface forces and strains and n is the unit vector normal to the solid surface. The Cauchy conditions are written as follows:
We take the constitutive equations in the form in which the transverse contraction (Poisson's) ratios of the instantaneous elastic strain and the creep strain of the ageing material are identical and are equal to ν. Then we have (see [1] [2] [3] )
where
where E = E(t) and G = G(t) are the elastic moduli under tension and shear, C(t, τ ) and ω(t, τ ) are the creep measures under tension and shear, K(t, τ ) is the creep function under tension, and 1 is the unit tensor. The arguments are omitted in a number of obvious cases above. They will also be omitted in what follows and will be used only in those cases when their absence may be misleading. Thus, Eqs. (1)- (4) constitute the boundary value problem of the linear theory of elasticity for a homogeneous ageing basic solid, the stress-strain state of which can be described by the solution of the system for t ∈ [τ 0 , τ 1 ]. We transform the boundary value problem for the basic solid. Let us introduce the notation
where N and a are an arbitrary tensor and arbitrary vector, respectively. We apply the operator H(τ 0 , t) to the relations in (1)- (4) containing T after dividing them by G. Then, since H(τ 0 , t) commutes with the Hamilton operator, we obtain the following boundary value problem using (5) (τ 0 ≤ t ≤ τ 1 ):
Unlike (1)- (4), time occurs in the boundary value problem (6) as a parameter. The latter is mathematically equivalent to the boundary value problem of the theory of elasticity with a parameter t. All analytic and numerical methods of the theory of elasticity can be used when constructing the solution of such a problem, which undoubtedly lends itself better to investigation than the problem of the theory of viscoelasticity.
To obtain the solution T, E, u of the boundary value problem (1)- (4), one must find the solution T 0 , E, u of the boundary value problem (6) and use the relation as follows:
Here R(t, τ ) is the resolvent of the kernel K(t, τ ). Now consider the process of continuous growth of a solid (τ 1 ≤ t ≤ τ 2 ). For a growing solid, we have the equilibrium equation in the form
The boundary conditions on the stationary part of the surface can be written as follows:
What regards the growth surface, we formulate the quasistatic and kinematic boundary conditions on it. The quasistatic boundary condition on the growth surface can be obtained from the solution of a contact problem for a solid and a surface provided that they interact without friction (see figure 1) . Taking into account the following relations for small angles α 1 and α 2 : one can obtain this condition in the form
where σ 11 and σ 11 are the 2D principal stresses, T s is the 2D tensor of the deposited elastic surface tension, ρ 1 and ρ 2 are the principal radii of curvature of the contacting surface, and L is the 2D tensor of curvature of this surface.
The kinematic boundary condition is a form for the composition conservation law for a solid. It can be written in the form
where v is the velocity of growth surface, v def is the is the velocity of growth surface due to the deformation of a solid under the action of surface and volumetric forces as well as under the tension of new elements, and v dep is the velocity of deposition of new elements to the growth surface. Here we suppose that v def and v dep are independent of each other. Hereinafter we study the case in which v def ≪ v dep . In this case we can set v def = 0 in (11) with high accuracy and use the equation of the growth surface in the form t = τ * (x). The latter equation gives us the value of s n from (10). One can note that for the chosen case of problems statement we obtain the single boundary condition on the growth surface in the form (11) . The relation between the strain and displacement rate tensors is given by the equality
The constitutive equation can be written as follows: Relations (8)- (14) form a general noninertial initial-boundary value problem for a continuously growing solid, where the operator (I − L(τ 0 (x), t)) = H(τ 0 (x), t)) and its inverse operator (I+N(τ 0 (x), t) ) can be determined from (4) with τ 0 replaced by τ 0 (x). Let us transform the initial-boundary value problem for a continuously accreted viscoelastic ageing solid into a problem with time parameter that has the same form as the boundary value problem of the theory of elasticity. Omitting technical details we present the final result in the form of a boundary value problem as follows
where R acts on an arbitrary vector a(x, t) by the rule
Note that the conditions on S 1 (t) and S * (t) are identical.
Relations (15)- (16) supplemented with the initial conditions for the basic solid at t = τ 1 form a boundary value problem with t as a parameter.
To obtain the solution T, E, and u of the initial-boundary value problem (8)- (14) one must find the solution S, D, and v of (15)- (16) and use the relations as follows
Hence the solution of the growth problem for a viscoelastic ageing solid can be obtained by the solution of the mathematically identical problems with a parameter t, which have the same form as the boundary value problem of the classical theory of elasticity. Then the true stresses and displacements in the growing solid can be reconstructed using (17) .
Suppose that the solid ceases to grow at instant τ 2 . At this instant, it occupies a domain Ω 1 with surface S 1 on which two kinds of boundary conditions are specified, as in the case of the problem for the basic solid. Moreover, S * (τ 2 ) = S * 1 ⊆ ∪ i S i (t) for i = 1, 2. In this case the problem for the invariable solid occupying Ω 1 is similar to (8)- (14) without the initial-boundary condition on S * (t), with τ * (x) = τ 2 for x ∈ S * 1 . The stresses, strains and displacements at t = τ 2 found by solving the growth problem at the previous step serve as the initial conditions.
One can obtain the following boundary value problem:
where the initial conditions remain as before. For T, E, and u to be solutions of the initial-boundary value problem (18) it is necessary and sufficient that S, D, and v form a solution of the boundary value problem (19) and that relations (17) be satisfied.
Thus, to construct the solution of the problem over the time interval [τ 0 , τ 3 ] one has to construct the solutions of the following three identical problems (having the same form as the boundary value problem of the theory of elasticity with a parameter t): problem (6) for t = τ 0 as well as problems (13)- (14) and (17) . The stress-strain state of the growing solid can then be reconstructed for any t ∈ [τ 0 , τ 3 ] from (7) and (15) .
Among a great number of papers on AM technologies written by technologists, chemists, and physicists (see, e.g., ). there are few devoted to mechanical aspects and analisys of AM fabricated parts and similar problematics (see, e.g., [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] ). In what follows we consider some mechanical problems of AM technologies in civil and structural engineering.
Additive manufacturing of a concrete dam
We consider a problem for a growing dam in the form of wedge which is manufactured from concrete. We use standard material moduli and functions for concrete and some plastics (e.g., see [1] [2] [3] ). These problems differ one from each other by the rate as well as by the type of additive process. We study tree types of growth for a wedge: angle growth (figure 2 a), translational growth ( figure 2 b) ), and complex growth (figure 2 c). We have found that stress states for growing dams sufficiently differ from each other and from the classical case of fixed dam.
Translational type of building up
To be definite let us consider a problem for a dam, which in the process of its manufacturing, change the shape from a quarter-plane up to a plane ( figure 2 d) . Let us consider the problem of translational growth on a quarter-plane of non-stressed elements at a constant rate. Let a constant indenting force P (t) and zero tilt angle of a punch which can be treated as an engineering block of a dam be given, and lets assume that the base of the punch is flat. The configuration of the body at any instant of time is specified by the coordinate of the tip of the quarter x = −f (t) (f (t) = 0, when τ 0 ≤ t ≤ τ 1 ). We assume that the process of growth does not stop (τ 2 = ∞), i.e. in the limit the body becomes a half-plane.
Let us determine the contact pressure q and the eccentricity e of the point of application of the force, ensuring that there is no a tilt of the punch at different rates of translational growth. In what follows, we use dimensionless variables and formulate general qualitative conclusions. We set P (t) = 1, α = π/2. We consider 1) slow translational growth: f (t) = t − 2, f ′ (t) = 1 (t ≤ τ 1 ); 2) rapid translational growth f (t) = 6(t − 2), f ′ (t) = 6 (t ≤ τ 1 ); (the rate of growth f ′ (t) is 6 times as high as in the case 1)).
Figures 3 a shows the limit distribution of the contact stresses at various rates f ′ (t). The solid asymmetric line shows the initial distribution of the contact stresses when the dam has the shape of quarter-plane. The solid symmetric line demonstrates the contact stresses distribution We note that in case 1) the stresses, e.g. at the left edge, increase by a factor of 1.4 and the eccentricity is reduced by a factor of 1.2. In case 2) these relations are equal to 2.7 and 1.5, respectively. When t = t • ≈ 8 and the rate of growth is arbitrary, the process becomes a steady-state process and further growth of the body does not affect the contact stresses and the eccentricity.
Angle type of building up
Let us now consider the problem of angle growth on a quarter-plane of non-stressed elements at a constant rate. The initial aperture angle of the wedge is α 0 = π/2, becoming α 1 = π at the instant of termination. It is necessary to find contact stresses and the eccentricity of the indenting force which ensure that the punch is not misaligned. In the case of constant growth rate the instants of the onset τ 1 and termination τ 2 of growth completely determine the function
and thus configuration of the body at any instant of time. We chose concrete as the material of the wedge and use dimensionless quantities (see figure 4) . Let us consider the case of a slow (τ 1 = 2, τ 2 = 10) and rapid (τ 1 = 2, τ 2 = 2) side growth of the wedge. From now on the dot-dash lines in the figures will present the basic characteristics during the slow growth, and dashed lines during the rapid growth (at a rate four times as high as that of the slow growth). Figure 5 a shows the limit distributions of contact pressures under the punch q as t → ∞ at different growth rates (dashed and dash-dot lines), and the distribution from the instant of the loading τ 0 = 1 to the instant of onset of growth τ 1 , constant over this time interval (solid line). The distribution functions have singularities at the punch edges, but in order to make the graphs easier to construct, we have eliminated the region r < 0.1 and indicated the values of the stresses at r = 0.1, by dots. Figures 5 c and 5 d shows the variation with time of the contact stresses q 1 at the left edge of the punch (r = 0.1) and q 2 at the right edge (r = 8.9) for the two processes in question. We see that the processes characterized by the rate of growth show substantial qualitative and quantitative differences between each other. During the rapid growth the most intense change in the stresses and the eccentricity occurs in the interval t ∈ [τ 1 , τ 2 ] and continues after the growth has ceased. The stresses, e.g. at the left edge, increase by a factor of 3.5 and the eccentricity decreases by almost a half.
When the growth is slow, the characteristics change more smoothly and, beginning at a certain instant of time, the stress-strain state of the body becomes practically indifferent to the process of growth, i.e. under the conditions of limited creep the constant force acting on the punch becomes exhausted and further growth or its termination does not alter the already established values of the stresses and the eccentricity. We note for comparison that in case of a slow growth the stresses at the left edge increase by a factor of 2.4, and the eccentricity decreases by a factor of 1.5. By studying the process of slow growth we also broaden our understanding of the law governing the formation of the displacement and stress fields in a growing viecoelastic body acted upon by stationary forces.
Irrespective of the fact that the body has the form of a halfplane at the instant of termination, the distribution of contact pressures under the punch is not symmetrical at any t ≥ τ 2 , and the eccentricity of the point of application of the force is very far from zero, i.e. the idea of a body which has grown to a half-plane may lead directly to incommensurable values of the fundamental characteristics. 
Additive manufacturing of an arch structures
Some numerical results for AM fabricated concrete structures are demonstrated in this section. We suppose that concrete is a viscoelastic aging material, i.e., the material with time dependent mechanical properties (e.g., see [1] [2] [3] ).
A Buried Arch
Consider now an arch structure manufactured from concrete and buried in a loose soil backfill (see figure 6 a) . In order to strengthen this structure the process of growth inside it is initiated. During the growth the thickness of the arch wall doubles. Figure 6 b shows the limiting contact stress distribution (t → ∞) on the end faces of the arch in the processes of slow (dashed line) and rapid (dash-dotted line) growth. Solid line shows the contact stress distribution on the end faces for a fixed arch with doubled wall thickness. One can easily see the fundamental difference in the behavior pattern of mechanical characteristics of growing solid as compared with a fixed one.
An Arch under Gravity
Consider one more AM process for an arch structure under gravity (see figure 7 a) . This process is close to the previous one so we save all designations for variables and plots lines, i.e., in figure 7 b we use dashed and dash-dotted lines for the limiting contact stresses on the end faces of the arch for the modes of slow and rapid growth respectively and solid line for the analogous One can see a very strong difference between the patterns of arch mechanical behavior for both problems and chosen modes.
It is quite clear that one can also obtain the solution for a buried arch under gravitation by using the superposition principle.
Conclusions
• Fundamentals of mechanical analysis for AM fabricated parts have been developed.
• New general nonclassical boundary value problems have been formulated includind a pair of specific quasistatic and kinematic conditions on the growth surface.
• The results obtained can also serve as a basis for the numerical research of AM processes in the case in which the velocity of growth surface due to the deformation of a solid under the action of surface and volumetric forces as well as under the tension of new elements is much smaller than the velocity of deposition of new elements to the solid's surface.
• New mechanical effects for AM fabricated parts and structures have been found out. Such effects can never arise in the case of another manufacturing processes.
